In this paper, we discuss max-sum-equivalence and convolution closure of heavytailed distributions. We first give a condition so that two heavy-tailed distributions are max-sum-equivalent. We then prove that the class of consistent-tailed distributions is closed under convolutions. As applications of these results, we study asymptotic behaviors of the tails of compound geometric convolutions, the ruin probability in the compound Poisson risk process perturbed by an α-stable Lévy motion, and the equilibrium waiting time distribution of the M/G/k queue.
Introduction
Throughout this paper, all distributions are supported on [0, ∞), f (x) ∼ g(x) means lim x→∞ f (x)/g(x) = 1. We define the tail of distribution B by B(x) = 1−B(x) and denote the equilibrium distribution of B by B e (x) = Distributions F 1 and F 2 are said to be max-sum-equivalent, written F 1 ∼ M F 2 if
If two independent random variables X 1 and X 2 have distributions F 1 and F 2 , respectively, then F 1 ∼ M F 2 is equivalent to Pr{X 1 + X 2 ≥ x} ∼ Pr{max{X 1 , X 2 } ≥ x}, which means that the distribution of the sum of two independent random variables is asymptotically determined by that of the maximum of the two random variables. This is an interesting property used in modelling extremal events and in describing heavy-tailed distributions. In particular, if F ∼ M F , then F is said to be a subexponential distribution, one of the most important heavy-tailed distributions.
Heavy-tailed distributions have been the focus of many researchers in insurance and finance in recent years; see Embrechts et al. (1997) for a review. We list here some important classes of heavy-tailed distributions which will be discussed in this paper. It is well-known that these classes satisfy the following inclusions:
See, for example, Cline and Samorodnitsky (1994) and Embrechts et al. (1997) .
One of the important distributional properties of heavy-tailed distributions is maxsum-equivalence and convolution closure. We say that a distribution class H is closed under convolutions if F 1 * F 2 ∈ H holds for any F 1 ∈ H and F 2 ∈ H. We say that the max-sum-equivalence holds in H if F 1 ∼ M F 2 holds for any F 1 ∈ H and F 2 ∈ H. It is known that both the max-sum-equivalence and the convolution closure are invalid in S, see, for example, Leslie (1989) . Hence, the max-sum-equivalence does not hold in L since S ⊂ L.
It is also known that D ∩ L and L are closed under convolutions, respectively. See, for example, Proposition 2 and Theorem 3 of Embrechts and Goldie (1980) . Further, Embrechts and Goldie (1980) and Cline (1986) gave different conditions on
Most of their conditions assume a dominated relation between F 1 and F 2 such as
. We summarize some of the results on the max-sumequivalence and a related result on the closure of S under random sums, which will be used in this paper.
(a) If F 1 ∈ S and F 2 (x) = o F 1 (x) , then F 1 * F 2 ∈ S and
(c) If B ∈ S, {p n , n = 0, 1, 2, ...} is a counting distribution and there exists an ε > 0 such that
Proof. A well-known class, in which both the max-sum-equivalence and the convolution closure hold, is the class R. We state this well-known result as follows.
Proof. In this paper, we first give a max-sum-equivalent condition which does not assume the dominated relations in Proposition 1.1. We then prove that Proposition 1.2 holds for the classes C and D ∩ L. Finally, we discuss the applications of these results.
The paper is organized as follows. In Section 2, we first give the max-sum-equivalent property of the class D ∩ L. We then prove that the class C is closed under convolutions.
In Section 3, we consider closure properties of C and D ∩ L under compound distributions, in particular, under compound geometric distributions and their convolutions, and discuss asymptotic behaviors of the tails of compound geometric convolutions. Applications of these results to the ruin probability in the compound Poisson risk process perturbed by an α-stable Lévy motion and to the equilibrium waiting time distribution of the M/G/k queue are given in Sections 4 and 5, respectively.
2 Max-sum-equivalence and convolution closure
An interesting question related the max-sum-equivalence is to study the difference between the product and the convolution procut of distribution fiunctions, i.e.
We first prove that the max-sum-equivalence and convolution closure hold in the class D ∩ L.
Proof. The convolution closure of the class D ∩ L was proved in. The proof of the max-sum-equivalence of the class D ∩ L follows from Omey (1994) . 2 We now prove that the class C is closed under convolutions.
and Theorem 2.1 we obtain (2.2) and for any l ∈ (0, 1),
On the other hand, it is easy to see that for any a > 0, b > 0, c > 0, and d > 0,
Thus, by (2.3) and (2.4), we have
Hence, by the definition of the class C, we obtain
which implies that
Hence F ∈ C. This ends the proof of Theorem 2.2.
2
Theorem 2.1 gives a new condition on the max-sum-equivalence while Theorem 2.2. generalizes the well-known max-sum-equivalence and convolution closure in the class R to the class C. Now, we can summarize the max-sum-equivalence and convolution closure of the heavy-tailed distributions as follows. that the class C is strictly larger than the class R. Here, we provide another example by considering a simple random variable
where Y and N are independent random variables, Y is uniformly distributed on (0, 1), and N is a geometric random variable with P (N = k) = (1 − p) p k for 0 < p < 1 and
First we choose a sequence {x n = 2 n , n = 1, 2, · · ·}. It is easy to see by 0 < Y < 1 that
Then we choose another sequence {y n = 2 n+1 /3, n = 1, 2, · · ·}, and we have
Hence the limit
does not exist. This proves that F / ∈ R. The proof for F ∈ C is not difficult. Actually, for any x > 1, there is a unique integer n = n(x) such that 2 n < x ≤ 2 n+1 . Thus, for any 0.5 < l < 1, we have
This implies that
Hence F ∈ C. Further, it is clear but interesting that, for any positive integer m, we can choose 0 < p = p(m) < 1 such that the mth moment of X is finite; hence X is not so "heavytailed".
We will illustrate applications of Theorems 2.1 and 2.2 to compound geometric convolutions, the ruin probability, and the M/G/k queue in Sections 3, 4, and 5, respectively.
Tails of compound geometric convolutions
A distribution L F is said to be a compound geometric distribution function if
where 0 < ρ < 1 and F * n is the n-fold convolution of a distribution F supported on [0, ∞). The compound geometric distribution is one of the most important compound distributions. It is well-known that the ruin probability in the compound Poisson risk model is expressed as the tail of a compound geometric distribution. For a review of compound geometric distributions and their applications, see, Kalashnikov (1997) and references therein.
Let W be the convolution of L F with a distribution G supported on [0, ∞), i.e.
This compound geometric convolution is also an interesting distribution arising in many applied probability models such as reliability, queueing, risk theory, and so on, see, for example, Brown (1990), Cai and Garrido (2002), Gertsbakh (1984) , Kováts and Móri (1992) , Willmot and Lin (1996) , and references therein. A special form of (3.1) often appearing in ruin theory and queueing is that F itself is a convolution of the distribution G with a distribution H supported on [0, ∞), i.e. a compound geometric convolution with the following form
For notational convenience, we write K = H * G. Therefore (3.2) can be rewritten as
where
For example, the ruin probabilities in the perturbed risk processes can often be deduced to the tail of R(x); see Dufresne and Gerber (1991), Furrer (1998), Schmidli (2001), Yang and Zhang (2001), among others. Also, the approximate equilibrium waiting time distribution of the M/G/k queue, which will be discussed in Section 5, is of the form
Motivated by the work in Embrechts and Veraverbeke (1982) and Veraverbeke (1993), we are interested in the asymptotic behaviors of W (x) and R(x), with emphasis on heavytailed distributions. In fact, the asymptotic behaviors of W (x) and R(x) can be derived by Proposition 1.1 if the dominated relations in Proposition 1.1 hold for F and G in (3.1) or for K and G in (3.3) .
For instance, we have the following result.
Proposition 3.1 Consider the compound geometric convolution (3.1). If
This ends the proof of Proposition 3.1. 2
Further, for R(x) in (3.3), the condition of
. Hence, by (3.4), we immediately obtain the following corollary.
Corollary 3.1 Consider the compound geometric convolutions (3.2) and (3.3). If
For further discussions of the asymptotic forms of W (x) under other relations between F and G and among intermediate-tailed distributions, see Cai and Garrido (2002) .
In this section, using Theorems 2.1 and 2.2, we show that (3.4) holds for some heavytailed distributions without the dominated relations. Theorem 3.1 Consider the compound geometric convolution (3.1).
(b) If F ∈ C and G ∈ C, then W ∈ C and (3.6) holds.
Proof. (a) Since F ∈ D ∩ L ⊂ S, by Proposition 1.1 (c), we have L F ∈ S and
, which gives (3.6) by (3.7).
(b) The proof of W ∈ C is similar to that of W ∈ D ∩ L in (a). It follows from (a) and C ∈ D ∩ L that (3.6) holds. 2
We note that Theorem 3.1 of Cai and Garrido (2002) gave a general lower bound for W (x), which states that for all x ≥ 0,
Thus Theorem 3.1 implies that the lower bound (3.8) for W (x) is asymptotically sharp in the class D ∩ L since
Now, we apply Theorems 2.1 and 3.1 to R(x) given in (3.2) and give an asymptotic result for its tail R(x).
Theorem 3.2 Consider the compound geometric convolutions (3.2) and (3.3). If
under convolutions. Thus, by Theorems 3.1 and 2.1,
which implies (3.9). 2 4 Ruin probability in a perturbed risk model
Let {X(t), t ≥ 0} be the compound Poisson risk process perturbed by an α-stable Levy motion, i.e.
where, the successive claim sizes {Y i , i ≥ 1} form a sequence of independent and identically distributed (i.i.d.) non-negative r.v.'s with common d.f. F and mean µ = EY 1 > 0, N (t) is a homogenous Poisson process with intensity λ > 0 independent of {Y i , i ≥ 1}, x > 0 is the initial surplus, c > 0 is the premium rate, η > 0 is a constant, and B (α) (t), t ≥ 0 is a spectrally negative α-stable Lévy motion with 1 < α ≤ 2, independent of {Y i , i ≥ 1} and {N (t), t ≥ 0}. The spectrally negative α-stable Lévy motion B (α) (t), t ≥ 0 is a process with independent and stationary increments, such that the increments B (α) (t) − B (α) (s) has the stable law S α ((t − s) 1/α , −1, 0). As for the spectral negativity and stable law, we refer to Chapter 8 of Bingham et al. (1987) . Assume that the positive safety loading condition λµ < c holds. Let ψ(x) be the ruin probability in the perturbed risk model (4.1), i.e.
When α = 2, {B (2) (t), t ≥ 0} is a standard Brownian motion. In this case, Dufresne and Gerber (1991) showed that the ruin probability can be expressed as
where ρ = λµ/c and E(x) = 1 − exp{−x/η 2 } is an exponential distribution function.
Further, Veraverbeke (1993) proved in this case that if F e ∈ S, then
which implies that the effect of the perturbed term ηB (2) (t) is asymptotically negligible.
Furrer (1998) considered the case of 1 < α < 2. He showed in this case that the ruin probability can be expressed as
where U (x) is a distribution function given by
see, for example, (16) of Furrer (1998).
Furrer (1998) has derived asymptotic formulas for the ruin probability ψ(x) using Proposition 1.1. In this section, we obtain new asymptotic results for ψ(x) using the results derived in Sections 2 and 3.
Proof. By Lemma 1(iii) of Furrer (1998), we know that U ∈ R and Further, if we assume some dominated relations between F e and U , we can obtain more asymptotic results for ψ(x). For example, we have (1) F e ∈ S and
Proof.
(1) By (4.5), we know that
Thus, U ∈ R ⊂ L and Proposition 1.1(b) yields F e * U ∈ S and F e * U (x) ∼ F e (x) + U (x). Hence, by (3.5), we have
which, together with (4.5), gives (4.4). Similarly, we can prove (2) . 2
For the asymptotic forms of ψ(x) under other dominated relations such as F e (x) = o(U (x)) and U (x) = o(F e (x)), see Furrer (1998 It is well-known that when k = 1, the equilibrium waiting time distribution V of the M/G/1 queue is a compound geometric distribution, namely
where B e (t) = t 0 B(x)dx/µ. See, for example, Greiner et al. (1999) . Hence, it follows from Proposition 1.1(c) that if B e ∈ S, then V ∈ S and
When k > 1, explicit expressions for the equilibrium waiting time distribution of the M/G/k queue are not available. However, an approximate equilibrium waiting time distribution function V k (t) for the M/G/k queue can be expressed as
where G(t) = 1 − [B e (t)] k and L F (t) = (1 − ρ) ∞ n=0 ρ n F * n (t) with F (t) = B e (kt). See, for example, van Hooen (1984) . For the discussion of good quality of this approximation to the equilibrium waiting time distribution of the M/G/k queue, see Miyazawa (1986) .
In this section, we show that V k has similar subexponentiality and asymptotic behavior to those of V . In doing so, we first prove a property about the class S. X i > kx, X i > x for only one i = 1, · · · , k ∪ (X i > x for all i = 1, · · · , k) .
Taking into account that
since F ∈ S, we obtain from ( i.e. G(t) = o(F (t)). Thus, by Proposition 1.1(c), we have L F ∈ S and G(t) = o(L F (t)).
Hence, by Proposition 1.1(a), we obtain V k ∈ S and
i.e. (5.3) holds. 2
